Comparison of three different regularization methods of calculating the one-loop effective Heisenberg-Euler Lagrangian of quantum electrodynamics (QED) is employed to derive some interesting integrals involving the asymptotic expansion of ln Γ 1 (x + 1), the generalized Γ function. Here it is the constant L 1 that will enable us to calculate some integrals which are useful in mathematics as well as in physics.
ζ(s) has simple poles at s = 0 (from Γ) and s = 1 (from ζ). To remove these poles we multiply by 1 2 s(s − 1). This is the reason why Riemann defines 2) which is an entire function (ζ is a meromorphic function). Obviously we have
together with the symmetrical form of the functional equation which was proved by Riemann for all complex s: Notice that the right-hand side is obtained from the left-hand side by replacing s by 1 − s.
Before we continue with (1.3) we make use of two important formulae due to Euler and Legendre.
Legendre's duplication formula: Γ functions of argument 2s can be expressed in terms of Γ functions of smaller arguments. we obtain:
Γ(2s) = (2π)
Euler's reflection formula for the Γ function:
(1.7)
Then we obtain from (1.5) and (1.7) the following equations:
Here we replace s → 1 − s thereby obtaining
The latter equation will be of great importance in the following chapters.
Correction of the Classical Electromagnetic Lagrangian by Vacuum Electrons
In 1936 Werner Heisenberg and Hans Euler [2] wrote down the first effective Lagrangian in quantum field theory, which incorporates a quantum correction to the classical Lagrangian of a constant electromagnetic field; this correction is due to the polarization of the quantum vacuum (Dirac's idea), i.e., the effect of an external constant electromagnetic field on the motion of the vacuum electrons. To simplify matters we will only consider a constant magnetic field in z direction. For this special case the modified Lagrangian takes the form -in Schwinger's representation:
The integral was explicitly calculated for the first time in [3] by dimensional regularization and thereafter in [4] by the so-called zeta-function regularization. The findings of these two different methods agree exactly, whereby the result obtained by the zeta-function regularization is finite without the usual subtraction of divergent counterterms. The result turns out to be
For those values of the field strength, i.e., for strong fields eB m 2 ≫ 1, the integral over the logarithm of the gamma function only yields a constant.
Here, C is Euler's number, C = ln γ = 0.577215, and the digamma function
Therefore, by only considering the dominant forms for large magnetic field strength, we obtain for the asymptotic form of the one-loop effective Lagrangian in spinor QED
On the other hand we find in Ritus' paper [5] under formula number (60) the expression
Since (2.4) and (2.5) are just two different representations of the same strong-field La-
, we have the equality ln 2eB 
Note that the result (2.6), which arises from long, complicated field theoretic calculations, follows from solving a physics problem -not from analytical theory of numbers, namely by studying the behavior of vacuum electrons in presence of a constant external strong classical magnetic field. So far we considered nonlinear spinor QED where spin Now we want to study charged spinless particles with mass m, associated with a complex scalar field, which interact with a constant magnetic field. Here the starting point is given by the Heisenberg-Euler effective Lagrangian, which in Schwinger's proper time representation reads: and ln 2eB m 2 instead of ln eB m 2 in the spinor case, we could have guessed the formulae (2.9) and (2.10). But arriving from the proper-time integrals of (2.1) or (2.8) at the expressions (2.4), (2.5) and (2.9), (2.10) is a highly challenging undertaking.
Finally, let us mention that the results of (2.4) and (2.9) can be used in the CallanSzymanzik renormalization equation to calculate the β ζ (α) function for spinor and scalar QED to result in
This confirms the correctness of the results (2.11) calculated otherwise. 
For s = −2 we find
a result we will need later on.
For s = −1 we employ ζ(2) = π 2 6 (Euler's Basel problem) and Γ ′ (2) = 1 − C = 1 − ln γ, Γ(2) = 1, so that
which can also be written as
which is exactly the equation that followed from the two regularization methods which produced the physically motivated results (2.4) and (2.5).
Asymptotic Expansions of ln Γ(x + 1) and ln Γ 1 (x + 1)
On the way to calculating the constant L 1 we start with the asymptotic expansion of ln Γ(x + 1) [6] :
This is called the Moivre-Stirling formula. Actually it was discovered by Moivre (1667-1754) with the aid of Euler's (1707-1783) summation formula. Stirling (1692-1770) "only"
showed, using Wallis' (1616-1703) product formula, that the constant L 0 is given by
The Bernoulli numbers in (4.1) are
Useful integrals of ln Γ(x + 1) are due to Raabe (1801-1859):
In particular,
The generalized Γ function Γ 1 (x) shows up in the value of the integral we obtain from (4.5)
where we used
which can be looked up in ref. [6] . The constant L 1 remains to be determined, which is the main goal of this paper.
Next we introduce the asymptotic expansion of ln Γ 1 (x + 1) [6] :
x ln x =: ln Γ 1 (x + 1)
As pointed out in the title of this paper, the constant L 1 will be determined by comparing different regularization methods arising from physics arguments.
The generalized Γ function of the first kind satisfies the relations
satisfies the functional equation
with the constraints
The resemblance to the usual Γ function (of the zeroth kind Γ 0 ≡ Γ) becomes obvious in observing that Γ 1 for integer values of the argument reduces to
The generalized Γ function of the k th kind satisfies
The analogue of Raabe's formula is given by
14)
in (4.9) and (4.7) in Here we will make substantial use of the results contained in the rather elaborate paper of the authors of ref. [7] , from which we can extract the Γ 1 function regularization for
Here is the result:
Comparing the right-hand side with the results from the ζ function regularization (2.4) or from Ritus' formula (2.5), the equality of the three different regularization methods teaches us
Upon using the constants
and Euler's constant
we obtain
This number can be inserted into the text wherever we meet the constant L 1 .
Given the explicit expression (5.4), it is worthwhile looking at the so-called Glaisher-
Here is one of the many representations:
−ζ ′ (−1)
When we take the value of L 1 from (5.3) we obtain:
ln γ−ζ ′ (2)
Here are two more representations: An example of this is the impact of the QED birefringent quantum vacuum structure on the propagation of light in the universe in the neighborhood of neutron stars, which constitute the laboratory for studying physical processes in superstrong magnetic fields.
